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THEOREM 2 THE CHINESE REMAINDER THEOREM Letmq, my, ..., m, be pairwise relatively
prime positive integers greater than one and ay, ay, . . ., a, arbitrary integers. Then the system

x =aj (modmyp),

X = ap (mod my),

X = a, (mod m,)

has a unique solution modulo m = mmy---m,. (That 1s, there 1s a solution x with
0 < x < m, and all other solutions are congruent modulo m to this solution.)



EXAMPLE 3

Once we have an inverse a of a modulo m, we can solve the congruence ax = b (mod m)
by multiplying both sides of the linear congruence by a, as Example 3 illustrates.

What are the solutions of the linear congruence 3x = 4 (mod 7)?

Solution: By Example 1 we know that —2 is an inverse of 3 modulo 7. Multiplying both sides
of the congruence by —2 shows that

—2-3x=-2-4 (mod 7).

Because —6 = 1 (mod 7) and —8 = 6 (mod 7), it follows that if x is a solution, then x = —8 =
6 (mod 7).

We need to determine whether every x with x = 6 (mod 7) is a solution. Assume that
x = 6 (mod 7). Then, by Theorem 5 of Section 4.1, it follows that

3x=3-6=18=4(mod 7),

which shows that all such x satisfy the congruence. We conclude that the solutions to the

congruence are the integers x such that x = 6 (mod 7), namely, 6, 13,20, ... and —1, —8,
—15,.... <



THEOREM 2 THE CHINESE REMAINDER THEOREM Letm, m,, ..., m, be pairwise relatively
prime positive integers greater than one and ay, ap, . . ., a, arbitrary integers. Then the system

X =dai (mod m1),

X = ap (mod my),

X = a, (mod m,)

has a unique solution modulo m = mmy ---m,. (That is, there 1s a solution x with
0 < x < m, and all other solutions are congruent modulo m to this solution.)



EXAMPLE 6

Use the method of back substitution to find all integers x such that x =1 (mod 5),
x =2 (mod 6),and x = 3 (mod 7).

Solution: By Theorem 4 in Section 4.1, the first congruence can be rewritten as an equality,
x = 5t + 1 where ¢ 1s an integer. Substituting this expression for x into the second congruence
tells us that

5t +1 =2 (mod6),

which can be easily solved to show that 1 = 5 (mod 6) (as the reader should verify). Using
Theorem 4 in Section 4.1 again, we see that 1 = 6u + 5 where u is an integer. Substituting this
expression for ¢ back into the equation x = 5¢ 4 1 tells us that x = 5(6u + 5) + 1 = 30u + 26.
We insert this into the third equation to obtain

30u + 26 = 3 (mod 7).

Solving this congruence tells us that u = 6 (mod 7) (as the reader should verify). Hence, Theo-
rem 4 in Section 4.1 tells us that u = 7v 4 6 where v is an integer. Substituting this expression
for u into the equation x = 30u + 26 tells us that x = 30(7v + 6) + 26 = 210u + 206. Trans-
lating this back into a congruence, we find the solution to the simultaneous congruences,

x = 206 (mod 210). |



Fermat’s Little Theorem

THEOREM 3

EXAMPLE 9

FERMAT’S LITTLE THEOREM If p is prime and a is an integer not divisible by p,
then

a’~! =1 (mod p).
Furthermore, for every integer a we have

a’ = a (mod p).

Find 7*** mod 11.

Solution: We can use Fermat’s little theorem to evaluate 722> mod 11 rather than using the fast
modular exponentiation algorithm. By Fermat’s little theorem we know that 7! = 1 (mod 11),
so (7'9% = 1 (mod 11) for every positive integer k. To take advantage of this last congruence,
we divide the exponent 222 by 10, finding that 222 = 22 - 10 4 2. We now see that

It follows that 7222 mod 11 = 5. <



Pseudoprimes

DEFINITION 1 Let b be a positive integer. If n is a composite positive integer, and 5" ~! = 1 (mod n), then
n is called a pseudoprime to the base b.

EXAMPLE 10 The integer 341 is a pseudoprime to the base 2 because it is composite (341 = 11 - 31) and as
Exercise 37 shows

234 =1 (mod 341). <



DEFINITION 2 A composite integer n that satisfies the congruence 5"~ = 1 (mod n) for all positive integers b
with gcd(b, n) = 1 is called a Carmichael number. (These numbers are named after Robert
Carmichael, who studied them in the early twentieth century.)

EXAMPLE 11 The integer 561 is a Carmichael number. To see this, first note that 561 is composite be-
cause 561 =3 -11-17. Next, note that if gcd(b, 561) = 1, then gcd(b, 3) = gcd(b, 11) =
ged(b, 17) = 1.
Using Fermat’s little theorem we find that

b* =1 (mod 3), b'® = 1 (mod 11), and »'® = 1 (mod 17).
It follows that

b0 = (b*)** = 1 (mod 3),
p>%0 = (p10)36 = | (mod 11),
b0 = (b1)3 =1 (mod 17).

By Exercise 29, it follows that 5°°0 = 1 (mod 561) for all positive integers b with gcd(b, 561) =
1. Hence 561 is a Carmichael number. <



